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A SURFACE WITH POSITIVE CURVATURE
AND POSITIVE TOPOLOGICAL ENTROPY

GERHARD KNIEPER & HOWARD WEISS

Abstract

We construct explicit examples of closed surfaces with positive curvature
whose geodesic flow has positive topological entropy. It follows that these
surfaces have infinitely many hyperbolic closed geodesics.

1. Introduction

We begin by posing the following general question:

Question. Let M be a C™ closed orientable surface and g a smooth
Riemannian metric with positive Gaussian curvature. Can the geodesic flow
Jor g have a complicated dynamical behavior?

The Gauss-Bonnet Theorem tells us that a positively curved surface
must be topologically a sphere. The most common examples are the round
sphere (and other surfaces of revolution) and the tri-axial ellipsoid. Both
of these examples possess simple dynamics (i.e., their geodesic flows are
not ergodic and they have zero entropies.) One might think that the simple
topology of the sphere could be an obstruction for the geodesic flow of g
to have complicated dynamics. This is not the case. Donnay [7] and Burns
and Gerber [3] have constructed smooth (and real analytic) metrics on the
sphere whose geodesic flows are Bernoulli. Katok [12] has shown that the
simple topology is not an obstruction for a map to possess complicated
dynamical behavior by constructing Bernoulli diffeomorphisms of the 2-
disk.

Donnay, Burns, and Gerber construct their metrics by starting with a
thrice punctured sphere and considering its complete hyperbolic metric.
They then alter the metric far off into the cusps by cutting off the remain-
der of the cusps and glueing in reflecting caps. The geodesics leave the
reflecting caps focused as they entered, and the cone family can be con-
trolled in the caps. It is clear that these examples have “mostly” negative
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2. Geometry of the ellipsoid

The geometry of the ellipsoid can be neatly described using the elliptic
coordinates of Jacobi. We quickly review the most germane geometric
facts. Our review is based on the exposition in [15]. Other references
include [2], [10], [20], [22], and [23].

We consider the two-dimensional ellipsoid E = {xé /a0+x12 /a1+x22 /a, =
1}, where we assume that 0 < g, < a; < a,. The intersections of £ with
the three coordinate planes yield simple closed geodesics which are called
the basic closed geodesics. E has four umbilic points

(X0 X1 » X,) = (£\/ay\/a, = ay/\/a, — 4y, 0, \/a,\/a, —a,/\/a, — a,),
which are located on the middle length basic closed geodesic. These points

play a crucial role in the study of the geometry of E.
For p ¢ {a,, a,, a,}, consider the function A p: R® - R defined by

2 2 2
Xo X1 X5
+

a—p a—-p a-—p

It is an easy exercise in analytic geometry to show that through each point
p of E outside the coordinate planes, there passes exactly one one-sheeted
hyperboloid {Aul = 1} and one two-sheeted hyperboloid {Au2 = 1},
where (u,, u,) € (ay, a,) x (a,, a,) . We may take u = (4, u,) as local
coordinates and extend them to local coordinates on all of E. In these
coordinates, the metric tensor ds’ = (—u, + uz)(Ulduf + Uzdui) with
Ui = Ui(u,') = (—l)lui/f(ui) and f(ui) = 4(00 - ui)(al - u,‘)(az - ui) .
Hence the Hamiltonian for the geodesic flow is given by

Ap(xo > X1 x2) =

. .2 .2
H(u, #t) = (—u, +u,)(Uit] + U,i;).
The Gaussian curvature of E is given by
2 2
K(u,, uy) = aya,a,/uju;,

where (u,, u,) € [a,, a,] x [a,, a,]. The geodesics on E (that do not
pass through the umbilics) are characterized by

VU, VU,
1y 2
u, + u, =0, ye(a,,a,)or(a,a,),
/__u1+y 1 /uz_,y 2 ( 0 1 1 2)
together with the condition H(u, #) = 1. From this characterization of
geodesics, we can determine the second integral for the geodesic flow:

. 2 2
F(u, &) = (—u, + uy)(u, U, + u, Uy i),
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or more geometrically,
F(v) =u,(nov) sin’ u(v) + uy(mow) cos” u(v),

where v € SE (the unit tangent bundle to E), n: TM — M is the
canonical projection, and u(v) denotes the angle between v and the u -
parameter line through 7 o v. One can easily verify that H and F are
in involution, ie., {H, F} = 0, and that dH and dF are everywhere
linearly independent.

Hamilton’s equations imply that the projections to E of the Hamilto-
nian flows associated to F and H satisfy the differential equations:

%uti = g{: = (—uy + ) Qu, Uty ),
%‘EQF_ = ‘%% = (—u, + u,)2u, U 11,),
%}f _ % = (cu, + w,)(U,)),
% = g—qu = (—u, +u,)(Uyi,).

It is clear that these projected flows are independent if u, # u, and #, #
0#£u,.

For y € (a,, a,), the (geodesic) flow invariant set {F = y} is a union
of two two-dimensional tori Tf whose flow lines project to geodesics that
monotonically wind around the x,-axis and oscillate between the two u,-
parameter lines {#, = y}. Similarly, for y € (a,, a,), the flow invariant
set {F = y} is a union of two two-dimensional tori T;b whose flow
lines project to geodesics that monotonically wind around the xj-axis and
oscillate between the two u,-parameter lines {u, = y}. The coordinates
on Tyi that linearize the flow are the integral curves of the vector fields
generated by H and F —2yH . It follows from this analysis that the closed
geodesics are dense in SE and that the shortest and longest basic closed
geodesics are elliptic.

The behavior of the flow near the middle length basic closed geodesic ¢
is more interesting. The closed geodesic ¢ is hyperbolic (see proof below).
The flow invariant set SEN{F = a,} corresponds to geodesics on E that
pass through an umbilic point. The geodesics ¢ and —c are the only
closed geodesics contained in this set (see Appendix).

Every other geodesic with tangent vectors in SE N {F = a,} passes
through one of the two pairs {g, ¢’} or {r,r'} of diametrical umbilics
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FIGURE 1. GEODESICS SPIRALING INTO C.

time and again at fixed intervals. This interval 7T is the same for all flow
lines. It follows from this analysis that every geodesic that is forwards
asymptotic to ¢ is backwards asymptotic to" —¢ and passes through the
pair {g, ¢'} of umbilics infinitely many times (see Figure 1). One can give
an easy dynamics proof of this proposition by considering the geodesic flow
for time 27T restricted to the unit tangent vectors having a footpoint on
an umbilic, say ¢. This induced map is a circle diffeomorphism having
rotation number 0 and two hyperbolic fixed points. The proposition then
follows from the standard results in the theory of circle diffeomorphisms
[6].

By this analysis, the weak stable manifold of ¢ (the set of vectors whose
geodesics are forward asymptotic to ¢) coincides with the weak unstable
manifold for —c¢ (the set of vectors whose geodesics are backward asymp-
totic to —c) and forms a double branched cover of E, branched over
c.

We now show that the middle length basic closed geodesic ¢ on E is
hyperbolic (see [15]). This is a generalization of the classical fact that
any billiard path in an elliptic billiard that passes through a focus, is both
forwards and backwards asymptotic to the major axis [5].

We parametrize ¢ such that ¢ starts at ¢(0) = (,/@;, 0, 0), ¢ points
into the half-space {x, >0}, and c haslength /. Let 0<¢, <, <<
t, <1 be the parameter values where ¢ passes through the four umbilics. -

Theorem 2.1. The middle length basic closed geodesic ¢ on E is hyper-
bolic.

Proof. We will show that E° = {orthogonal Jacobi fields J along
c|J(t)=0and J '(tl) > 0} generates the stable eigenspace of the Poincaré
map with eigenvalue 0 < a < 1. From the geometry of the ellipsoid we
know that J(¢,) = 0 implies J(t;,) = 0 = J(¢; + /). This implies that
t — J(t+1) € E°, and since the dimension of E° = 1, there exists
a € R such that J(¢t+ /) =a-J(t). We will show that 0 < a < 1. Then
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T
c(t) “more K7 o(t; +13/2) “less K”  c(f3)
FIGURE 2. JACOBI FIELDS J; AND J,.

O<J'(t,+)=a-J'(t;) < J'(¢,) and J(¢, +1)=J(t,) = 0. This clearly
implies the theorem.

Lemma 2.2. If J € E°, then —J'(t;) < J'(¢,).

Consider the interval [¢,, ¢,]. By studying the simple expression for
the Gaussian curvature given above, one can easily show that K(z, +s) >
K(ty—s) for 0 <s < (t;+1,)/2. The idea is that the curvature formula
implies that K(z) has the property that if ¢, is the time at which ¢ passes
through the “intermediate” umbilic point, then K(¢, +5) = K(¢, —5) >
K(z) for 0<s<t,~t and K(¢,+5) =K(t; —5) < K(¢)) for 0<s <
t,—t,.

} N02w consider two arbitrary Jacobi fields J, and J, along ¢ such that
Ji(t;) = J,(t;) = 0 and J{(¢;) < -J,(t;). Since there are no conju-
gate points between ¢, and t,, the Sturm Comparison Theorem implies
that 0 < J,((¢, +£3)/2) < J,((¢; + t;)/2). Now consider our original Ja-
cobi field J. Call it J; when restricted to [z, (¢, +£5;)/2], and J, on
[(¢, + £5)/2, t,]. The previous argument shows that —J'(z,) < J'(¢,) , for
otherwise, J; and J, would not agree at the midpoint of the interval (see
Figure 2). q.e.d.

Since J '(tl) > 0, and the only zeros of J occur at ¢, and ¢; modulo
[, we have that J '(tl +17) > 0. If we apply the argument in the proof of the
Lemma to the interval [t,, t, +/], we obtain that 0 < J'(¢,+1) < —J'(t;).
Combining this statement with the lemma, we obtain that 0 < J '(tl +1) <
=J'(t) < J'(1).

3. Splitting of stable and unstable manifolds

Let M bea C* n-dimensional compact Riemannian manifold. Ham-
iltonian flows are usually flows on T *M (the cotangent bundle to M).
However, we are mostly interested in geodesic flows which are more
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naturally thought of as flows on 7'M (the tangent bundle to AM). Using
the Riemannian metric, we may transfer the natural symplectic structure
on T°M to TM and consider Hamiltonian flows on TM . The Hamilto-
nian function H : TM — R for geodesic flows is given by the Riemannian
metric, i.e., H(v) = g(v,v). Let #: TM — M be the canonical projec-
tion. ,

Assume that our system has two closed orbits a(z) and w(¢) (not neces-
sarily distinct) and a biasymptotic orbit x(¢). We will assume that x(¢) is
backwards asymptotic to a(¢) and forwards asymptotic to w(¢). We con-
sider Hamiltonian perturbations of our flow H_ = H,+¢H, such that the
support of H, is bounded away from «a(f) and «(¢). This insures that o
and w will not be affected by the perturbation. Under these assumptions
we can prove the followmg theorem. \

Theorem 3.1. Let ¢0 TM — TM be the Hamiltonian Sflow for the
Hamiltonian H,. Let H_ = Hy+ ¢H, be a perturbation such that the

support of H, is bounded away from a(t) and w(t). Let ¢ be the asso-
ciated Hamiltonian flows on H_= 1. Assume that for € sufficiently small
the biasymptotic orbit x(t) persists under the perturbation H_, i.e., there
exists a family of orbits x_(t) such that xy(t) = x(t), d(x(t), a(t)) —
0fort— —oco0,d(x (), w(t)) = 0 fort — oo, and d(x(t), x(t)) = O(e)
uniformly in t. Furthermore, suppose that the flow associated to H, pos-
sesses a smooth integral of motion F : TM — R which is in involution
with Hy, i.e, {Hy, F} =0. Then

/_ "(F, H)(x(t)di =0

Remarks. (1) Since the support of H, is bounded away from o and
w , the integral always exists and is finite.

(2) If F = H, this integral is called the Poincaré integral (or
the Poincaré- Melmkov integral) and vanishes since dtH (x(6)dt =
{H,, Hy}(x(2)).

(3) For the geodesic flow-on the ellipsoid E, st(c) w*"(-c) and
W (—=¢) = W*"(c) where ¢ and —c are the hyperbolic closed geodesics
of “middle length”, and W**(c) and W**(c) denote the weak stable and
weak unstable manifolds for c.

Proof. Since F is an integral of motion of the unperturbed system H,,
there are constants ¢, ¢,; and c¢; such that F(a(?)) = ¢, , F(w(t)) =¢,,
and F(x(t)) =c, forall € R. Since x(¢) is b1asymptotlc the continuity
of F implies that the constants coincide.
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Lemma 3.2. Under the conditions of the theorem we have

/ ” %F(xe(t)) dt =0.

—0o0

Proof of Lemma.
. too +T
/_m %F(xe(t))dt=T1LrI;o/_T %F(xe(t))dt
= lim (F(x,(T)) - F(x,(-T))) =0,

since X, (f) - w ast — 00, x,(f) - a as t - —oo0, and F(a) = F(w).
q.e.d. ‘ ‘

We continue with the proof of our Theorem 3.1. Using the Lemma and
the definition of Poisson bracket we obtain

0= /_::o %F(Xe([))dt= /:{F, He}(xe(t))dt

+0oo

=/ (F, H, + eH, }(x, (1)) dt

—0o0

= /+°°{F, H}(x,(2))dt + € /+°°{F, H,}(x, (1)) dt.

The first integral above vanishes since F and H), are in involution. We are
left with

+00
/ {F, H}(x.(t)dt=0, for sufficiently small €.
—0o0
Since H, has support bounded away from a(¢) and w(t), this integral is
between finite limits. We can take the limit inside the integral and since
d(x.(t), x(t)) = O(€), we obtain

/ " (F, B3 (x(0)dt = 0.

4. Splitting of asymptotic manifolds

Given a hyperbolic closed orbit y of a flow, the weak stable (weak
unstable) manifold consists of the set of points that are forwards (back-
wards) asymptotic to y. The Stable Manifold Theorem [9] tells us that
the weak stable and unstable manifolds for y are smooth surfaces that
vary smoothly when the flow is smoothly perturbed. Let o and w be two
hyperbolic closed geodesics, and let W,"“(a) denote the weak unstable
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manifold of a and W (w) the weak stable manifold of e with respect
to the system H, = Hj+ ¢ H, . The following Corollary is an immediate
consequence of Theorem 3.1.

Corollary 4.1. Assume that Wy'“(a) = W,"*(w). If there exists a bi-
asymptotic orbit x(t) of H, such that x(t) € Wy *“(a) = Wy (w), and if
there exists a second integral of motion F : TM — R that is independent
of Hy and in involution with H, such that

/: Z?E H,(¢p(x(1)))dt #0,

s=0
then W (a) # W."(w) for € sufficiently small.

Proof of Corollary. Assume that W"(a) = W,"’(w) for sufficiently
small e¢. By the continuous dependency of stable and unstable man-
ifolds on the perturbation parameter [9], we can find a family of or-
bits x, € W"*(a) = W*(w) such that d(x,(t), x(t)) = O(e). Since
%L_O H,(65(x(2)))dt = {H,, F}(x(t)), an application of Theorem 3.1
yields the corollary.

Warning. The condition that W"*(a) # W." (w) for e sufficiently
small does not necessarily imply that the two manifolds intersect trans-
versely; they may be disjoint or they may intersect nontransversely with a
one-sided or two-sided crossing.

5. A local conformal perturbation of the ellipsoid
which produces positive topological entropy

Let x(¢£) and y(¢) be biasymptotic orbits such that there are constants
6,,7,,0_,7t_ such that x(¢) — ¢(t+o,) and y(t) — ¢(t+1,) as
t - oo and x(f) - —¢(t+o0_) and y(t) —» —é(t+71_) as ¢t — —oo.
We also choose the parametrizations of x(¢) and y(f) so that m o x(0)
and 7 o »(0) do not lie on ¢ and are distinct points. Let N, N' be
the respective neighborhoods of 7 o x(0), 7 o y(0) such that NN N’ =
B, Noc=@,Nnc=3, (mox(t))NN' =3, (moy(£)) NN =&, mox(t)
does not reenter N, and 7 o y(¢) does not reenter N'.

We want to use the map Gy (s, £) = n(¢3x(2)) = n($} o ¢};(x(0))) as
a coordinate system in a neighborhood of 7 o x(0). It is clear from the
remarks in §2 that this will be possible provided u, # u, and @, # 0 # u,
at x(0). The first condition holds because 7 o x(0) is not an umbilic
point; the second condition holds because x(0) is tangent to a geodesic
that passes through the umbilic points. Thus G :[-d,d] x[-€,€]—= N
will provide local coordinates for N for sufficiently small ¢ and &.
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We now define a function P, :[-J, ] x[—€, €] — R by

2
Py(s, ) =50 x1_5,5(8) K g(0)

where Xi=5,81> K¢, ¢ aTE smooth positive functions supported in [-6, ]
and [—e¢, €] respectively with x(0) = x(0) = 1. Let

Hl,N(v) = {PN(G;‘_’1 on(v))-Hy(v), if n(v) € image(Gy)C N,

0, otherwise.
If H, = g, we obtain a conformal perturbation
-1
g8 n=Hy+teH y=H;-(1+ePy(Gy om))=(l+€Py)-8.

For this perturbation we have

d K3 - d -1 S
sl Hy y(dpx(1) = |, P (Gy om(¢px(t))
d 2
T ds|,_, Py(s, ) = 17K 4(0)-

This construction yields
* d * 2
/_oo o H (@) dr = /_wz Ko o(Odt>0.

We repeat the preceding construction in N’ to obtain a local coordinate
system G, a conformal factor P,,, a Riemannian metric g, ,» and a
Hamiltonian function H, ,, such that

/_ Z 21 H e ($00)de> 0.

We combine these two local conformal perturbations by defining H, =
Hl,N+H1,N' N i.e.,

s=0

s=0

Py(Gy' om(v))-Hy(v), if n(v) € image(Gy) C N,
H,(v) = § P,,(Gy' o n(v))- Hy(v), if n(v) € image(Gy)C N',

0, otherwise,

and
g, = Hy+€eH, = Hy-(1 +€Py(Gy' om)+€Py:(Gryt o))
=(1+€Py+ePy)-g.

Since cN(NUN ') = &, ¢ 1s not affected by the perturbation. Thus by
Corollary 4.1, W™ (¢(t)) # W*(—¢é(t)) and W, (—é(1)) # W (1))

€



240 GERHARD KNIEPER & HOWARD WEISS

for e sufficiently small. It will follow from the results in §7 that the
geodesic flow for g, has positive topological entropy for € > 0 sufficiently
small.

6. Local genericity of positive topological entropy

In this section we show that the geodesic flow for a generic metric per-
turbation of H, = g having support contained in N U N’ has positive
topological entropy.

Let N and N’ be as in §5. Let Symy vuw’ (M) denote the space

of symmetric 2-tensors with support in N U N'. Then the function K :
Sym, vy (M) — R® defined by
E(Bp(x(0), dp(x(0))dt,

+o0
K:&- ( / i
—oo A5l

+o0 d

[. @

is clearly linear and locally bounded. In §5, we showed that the function K

does not vanish identically by explicitly constructing a metric perturbation
H, of H, such that both integrals do not vanish.

Choose & € Gym, , (M) and consider the integral K(&). If this
integral does not vanish, we need not do anything further. If it does van-
ish, then the local continuity of K implies that we may slightly perturb &
such that the integral does not vanish. In fact, an open, dense subset of
Shm, yun (M) will have nonvanishing integrals, and the results in §7 will

imply that the corresponding geodesic flows will have positive topological
entropy.

EBL (1), £ (1) dt)

s=0

7. The two-sided intersection of weak stable and weak unstable manifolds

Consider the set of all the unit tangent vectors having footpoint on the
long basic closed geodesic /, and remove the two tangent vectors pointing
along /. What remains has two connected components—both annuli. Let
Z denote the Poincaré section consisting of one of these annuli. The cor-
responding Poincaré map preserves a natural smooth 2-form and possesses
a pair of nontransverse heteroclinic points v and —v , where v is tangent
to ¢. In §5 we constructed an explicit local metric perturbation {g } of
E . The corresponding geodesic flows induce Poincaré maps {F,} on X,
which preserve smooth 2-forms.
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FIGURE 3. HETEROCLINIC POINTS WITH 2-SIDED CROSS-
ING.

If a diffeomorphism f has a hyperbolic fixed point p, the stable mani-
fold W’(p) of p consists of the set of points that are forward asymptotic
to p and the unstable manifold W"(p) of p consists the set of points
that are backwards asymptotic to p.

It follows from the nonvanishing of the two integrals for our explicit
metric perturbation in §5 that W' (v) # W (-v) and W) (-v) # W) (v)
for the perturbed Poincaré maps {P.}. To show that the geodesic flow
for the perturbed metric g, has positive topological entropy, we will show
that W;(v) has a two-sided intersection with W'(—v), and W'(—v) has
a two-sided intersection with W(v)..

We required our metric perturbation to be supported in N and N’
because: for the metric deformation g, N supported in N, one can only

conclude that W:(v) has a two-sided intersection with WE“(—v) for the
corresponding Poincaré maps. It is possible, although highly improbable,
that W'(—v) = W.(v). In this case, it is not clear whether the Poincaré
maps have positive topological entropy. We elected to eliminate this possi-
bility by considering a metric perturbation supportedin N and N’, which
was engineered to split both connections and produce two-sided crossings
for the Poincaré map. See Figure 3.

We require the following simple lemma.

Lemma 7.1. Let f : R? — R? be a smooth diffeomorphism that
preserves a smooth 2-form w and has a double heteroclinic connection,
i.e., there exist hyperbolic fixed points p and q such that W’ (p) = W"(q)
and W'(q) = W*(p). Let N denote a small disk such that Nn{p, q} =
T, NNW'(p) # @, and NnW*(q)=D. Let f., fy = f beasmooth de-
Jormation of f that is supported in' N and which preserves smooth 2-forms
w, that vary smoothly in €. If W:(p) # W'(q), then W'(p) and W} (q)
intersect with a two-sided crossing for € sufficiently small. See Figure 4
(next page).
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FIGURE 4. HYPOTHESIS OF LEMMA 7.1.

FIGURE 5. FORBIDDEN CONFIGURATIONS.

Proof. In [18, §308], Poincaré proved a related result for homoclinic
points. He proved that if f is an area-preserving surface diffeomorphism
and p is a hyperbolic fixed point such that W*(p) = W*(p), and if one
considers a smooth deformation f, of f by area-preserving diffeomor-
phisms such that the stable and unstable manifolds of the perturbed hyper-
bolic fixed point p, do not coincide, then the perturbed stable and unstable
manifolds for p intersect with a two-sided crossing. Poincaré considered
the possible ways that the perturbed stable and unstable manifolds might
not intersect and then showed that each case leads to a violation of the
area-preserving hypotheses.

The proof of our Lemma for heteroclinic points is similar to Poincaré’s
argument. We illustrate the two main cases of the Lemma in Figure 5—the
case when W.(p) N W)(q) = @, and the case W, (p) N W}'(q) with only
one-sided crossings. Both cases violate the area preserving property of the
perturbed Poincaré maps. The wiggly arc represents the image under f
of the straight arc. Since N and W’(q) are disjoint, #W*(q) does not feel
the perturbation, and hence W.'(q) = W(p).

The following proposition will ensure that the Poincaré maps for the lo-
cal metric deformation will have heteroclinic points with two-sided cross-
ings on both branches.
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FIGURE 6. HYPOTHESIS OF PROPOSITION 7.2.

Proposition 7.2. Let f: R®> — R? be a smooth diffeomorphism that
preserves a smooth 2-form @ and has a double heteroclinic connection,
i.e., there exist hyperbolic fixed points p and q such that W'(p) = W*(q)
and W*(q) = W*(p). Let N and N’ denote disjoint small disks such that
(NUN)N{p,q} =3, NnW’'(p) #3, NnW'(q) =3, N nW'(q) £ D,
and N nW*(p) = 3. Let f.» fo = f, be a smooth deformation of f
that is supported in N U N’ and preserves smooth 2-forms w, that vary
smoothly in €. Suppose that W.(p) # W) (q) and W;(q) # W (p) for €
sufficiently small. Then W:(p) "\ W*(q) # @, W.(q) N W (p) # D, and
both intersections have two-sided crossings for small positive €.

Proof. We may assume that f (x) = fog_oh_ where support(g,) C N
and support(h,) C N’ . Since NnN' =@, g.oh, = h_og,_. Consider the
deformation fog, supportedin N . It follows from the hypothesis that for
these maps, the stable manifold of ¢ coincides with the unstable manifold
of p, and the stable manifold at p does not coincide with the unstable
manifold at ¢, for small positive ¢ . By Lemma 7.1, these manifolds must
intersect with a two-sided crossing. Similarly, by reversing the roles of p
and ¢ we obtain that for the deformation fo#_ that the stable manifold of
p coincides with the unstable manifold at ¢ and that the stable manifold
of ¢ intersects the unstable manifold at p with a two-sided crossing for
small positive €.

Since support(h, ) C N ", adding this perturbation to fo g, will not in-
fluence the two-sided crossing of the stable manifold at p and the unstable
manifold at ¢. This implies that for the deformation fog oh_, W: (r)
has a two-sided crossing with W*(g) for small positive €. Similarly, we
obtain that for the deformation foh_og,, W:(q) has a two-sided crossing
with W*(p) for small positive €.

Remarks. (1) These results in this chapter are also true for diffeomor-
phisms of an annulus, and the proofs are identical. We apply Proposition
7.2 in the case of an annulus.
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(2) Proposition 7.2 is false if the perturbation is not supported away
from p and ¢, and it is also false if the perturbation is large or non-
area-preserving [25]. In addition, this Proposition is false in higher di-
mensions if we consider smooth perturbations of a symplectomorphism
through symplectomorphisms.

8. Positive topological entropy

It is well known [21] that if f R* > R? is a diﬁ‘eomorphism having
hyperbolic fixed points p and p’, such that g € W (P)NnW*@') and ¢’ €
W (p YnW*(p), where the intersections at ¢ and g’ aretransverse, then f
has positive topological entropy. One finds a horseshoe (a closed invariant
Cantor set in M on which f is topologically equivalent to a subshift of
finite type) in the dynamics of f. Since a subshift of finite type has
positive topological entropy [24] and topological entropy is a topological
invariant [24], this implies that f has positive topological entropy.

Remark. Suppose f: R+ R?isa diffeomorphism having hyperbolic
fixed points p and p’, such that W'(p) = W*(p’) and ¢ € W) n
W"(p) where the intersection at ¢ is transverse. It is not known whether
f has positive topological entropy. Hence one can not conclude that the
perturbed geodesic flows have positive topological entropy if the corre-
sponding Poincaré maps satisfy the hypothesis in the Proposition in §6.

For heteroclinic points with two-sided crossings we show the following
result, whose detailed proof appears in [25]:

Theorem 8.1. Let f: R > R? bea diffeomorphism having hyperbolic
fixed points p and p’, such that g € W (p)n W"*(p') and ¢’ € W*(p')n
W*(p), and the intersections at q and q' are two-sided, then f has positive
topological entropy.

In the case when the stable and unstable manifolds have order r contact
at a heteroclinic point (1 <r < oc) Conley [4] (see also [19]) showed that
there exists a transverse heteroclinic point in every neighborhood of the
nontransverse heteroclinic point. By the preceding remarks, this implies
that f has positive topological entropy.

The case of infinite order contact is more delicate. It seems quite diffi-
cult to show directly the existence of a transverse heteroclinic point near
an infinitely flat nontransverse heteroclinic point. However, it is straight-
forward to prove directly that f has positive topological entropy. One
can then apply a result of Katok [13] which states that if a surface diffeo-
morphism has positive topological entropy, then there exists a horseshoe
that carries most of the entropy.
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FIGURE 7. COMPONENTS OF [ (RYNR.

To prove that f has positive. topological entropy, one needs only to
show that f has a topological factor that is a subshift of finite type, i.e.,
there exists a continuous surjection between an invariant subset of M and
a subshift of finite type. The hard part of constructing the horseshoe in the
transverse case is proving the injectivity of this map, and it requires the
use of Palis’ A-Lemma, which is not applicable in our situation. However,
injectivity of the map is not required to ensure that f has positive entropy.
The idea of the proof is to choose a rectangle R to obtain a picture as
in Figure 7, where R, and R, are two good components of [’ N (R)NR,
where f N denotes some sufficiently large iterate of f. We use R, and
R, to code our map and we show the continuity and surjectivity of the
coding map by imitating the proof in the transverse case.

Remark. Theorem 8.1 also applies to diffeomorphisms of an annulus
with the identical proof. It is in this form that we apply the theorem.

Proof of main theorem. Our goal is to show that the geodesic flow for
the local conformal metric perturbation g, constructed in §5 has posi-
tive topological entropy. We observed in §7 that W) (v) # W, (-v) and
Wi(—v) # W (v) for the perturbed Poincaré maps {P.}. It follows im-
mediately from Proposition 7.2 that W (v) N W(—v) # @, W' (-v) N
W/ (v) # @, and both intersections have two-sided crossings for € suffi-
ciently small. Then by Theorem 8.1, {P,} has positive topological entropy
for € sufficiently small, and by Abramov’s Theorem [1], the geodesic flow
for {g,} has positive topological entropy for € sufficiently small.
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Appendix

In this appendix we provide a short proof that for an ellipsoid with
three different axes the geodesics passing through the umbilic points are
asymptotic to the middle length basic closed geodesic. This is a folklore
theorem whose statement appears several times in the literature, for ex-
ample [15], [23]. Unfortunately, we have been unsuccessful in locating a
proof, so for the reader’s convenience, we present the following argument.

We use the notation from §2. We denote the shortest, middle length,
and longest basic closed geodesic (as curves on E) by s, ¢, and / re-
spectively. As in §2, we use the coordinate system (u,, u,) € (a,, a,) x
(a,, a,). We recall that this coordinate system is one to one in each of
the eight regions bounded by the coordinate planes.

Lemma 1. Suppose that ¢ :[a, b] — E is a geodesic from the invariant
torus F =7y, y € (ay, a,)U(a,, a,), and (u,(t), u,(t)) are the coordinates

of a(t). Then
Blow () bl uy(2)
———1 (8)| dt = — et
/a Py(ul(t))ul l / P, (uy(t))

where P(x) = —x(x —ay)(x —a;)(x —a,)(x —y).
Proof. As stated in §2 the geodesics belonging to the invariant torus
F =y are subject to the relation
VU
2_4,=0,
Y

VU
where U, = Uy(u,) = (—1)'u,/f(w,); f(u;) = 4ay—u)(a, —u;)(a, - u)).
Integrating this equation yields the proof of Lemma 1.

Lemma 2. Consider the parameter y € (a,, a,). Then the following

equality holds:

/ @2 x d / “ x d / 0 X4
———dx = —dx —- ——dXx.
v 4/P(x) 4 4 /Py(x) —oo /P, (x)

Proof. Consider the Riemann surface associated to the algebraic equa-
tion w? =P,(z). Thisis a surface of genus 2 on which w=(z/, /Py(z)) dz
is a holomorphic differential. Integrating the differential along a suitable
null homotopic path, we obtain the relation in Lemma 2.

u,(1)| dt,

i, +
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Corollary 3. Suppose that g, isa geodesic on the invariant torus F =
Y € (a,,a,). Let a and b be consecutive times at which o, crosses I.
Then the u,-coordinate of o,(t) takes on each of the values y and a, at
most once for t € [a, b].

Proof. It is well known that if y € (g, a,), then the geodesics on the
torus F =y are always transverse to the lines of curvature u;, = const,
and oscillate between the lines of curvature u, = const, becoming tangent
to them only when u, = y. We have (cf. the proof of Proposition 4)

b a,
/ _40 4w dt=2/ X__ax.
a | /P, (u,(2)) a /P,(x)

If the lemma were false, we would have

b a,
/ _ B0 dis2 / X__ dx.
a 7

P, (u,(1)) /P,(x)

Lemmas 1 and 2 show that this is impossible. q.e.d.

We now define a return map R: [q,, a,] — [a,, a,] that describes the
behaviour of the geodesics passing through the umbilics. Choose an um-
bilic ¢. For u, € [q,, a,], let p denote one of the points on the longest
basic closed geodesic / with coordinates (a,, u,) that is on the oppo-
site side of the shortest closed geodesic s from ¢ (oron s if u, =a,).
Define R(u,) so that (a,, R(u,)) are the coordinates of the point where
the geodesic ¢ from p to g next intersects /. By the symmetry of the
ellipsoid, this definition does not depend upon the choices that have been
made. Obviously g, is a fixed point of R. The following proposition
shows that it is the only fixed point.

Proposition 4. For u, € (a,, a,] we have R(u,) < u,.

Proof. Fix u, € (a;,a,] and let p, g and o be as above, and
parametrize ¢ so that g(0) = p. For y € (a,, a,) consider a family
of geodesics ¢, such that lim,_ o, = ¢ and each o, is a geodesic on
the invariant torus F = y with ay(O) = ¢(0). It is easily seen that if y is
close to g, , then o, becomes tangent to the line of curvature u, =y ata
point g, near q. Let L, be the first time after 0 when o, Crosses !, and
let v(y) be the u,-coordinate of ay(ty). During [0, t,], the first coordi-
nate ,(f) of o, increases form g, to a maximum of a, when y crosses
c¢ and then decreases to a,. See Figure 1. Thus

@ g [ Xy
/o Py(ul(t))ul(t) t /y /P, (x) *
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The second coordinate u,(t) satisfies y < %,(¢) < a, and has the following
values: u, at p; a, when o, crosses s; 7 at g, ; and v(y) at time L.
We see from Corollary 3 that

/b u,(1) 11, ( t—/ /a2 X dx
a | /P, (uy(0)) 2l JP(x) (x JB&)
¥(7) x

+ ——dx
7 P (x)

o [P x L [ x
_2/y mdx /v(y)\/mdx.

It follows from Lemmas 1 and 2 that

[

Since the integrands on both sides are positive, this is possible only if
v(y) < u, . Furthermore, if y decreases, the integrand on the left decreases
and the integrand on the right increases, which forces v(y) to decrease.
Since R(u,) = limy_m[ v(y) , we obtain the desired inequality.

Theorem 5. FEvery geodesic that passes through an umbilic point is
asymptotic to c.

Proof. Every geodesic which passes through an umbilic point also
passes through a pair of diametrical umbilics at fixed intervals, With at
most one possible exception, every time it passes through one of the two
regions bounded by /, it intersects s, and it follows by the proposition
that it must be asymptotic to .c.
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